Abstract. Analytical aspects are examined for the coupled reaction-diffusion equations arising for the expected conditional temperatures for heat flow in a random two-component laminate with heat flowing in a direction perpendicular to the laminae. The basic equations derived by Clarke [1] involve new terms not previously encountered within the contexts of either diffusion or heat flows. Various results and solution procedures are developed for both the coupled system and the underlying fourth-order equation. Basic source solutions for the coupled system are derived which are extended to general solutions of the coupled system with the new terms. These general solutions involve two arbitrary heat functions and display explicitly the dependence of solutions on the various parameters of the model. However, these general solutions appear not to be as useful in the context of the solution of boundary value problems as the corresponding results for the coupled system without the new terms. A simple illustrative example is provided for the utilization of such general solutions for a specific problem.
1. Introduction. In a recent paper, Clarke [1] obtains the following coupled reaction-diffusion equations for variables Tj(x,t) (j = 1,2), which represent expectation values of temperature at position x and time t, conditional upon material j being present at x, in a random two-component laminate, for heat flow in a direction perpendicular to the laminae: V^=h^ + PP2(M-h)^-02P2(Plh + P2h)(rl-T2), U2^T = + ~ ~ 2 + P2h){T2 -r,).
In these equations, Uj and (j -1,2) denote the constant heat capacities and thermal conductivities respectively. Further, p{ and p2 are the volume fractions of the two components so that p\ + p2 -1 and p is a constant characterizing the construction of the random medium. Clarke assumes that a realization of the medium *Received May 12, 1987.
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353 ©1988 Brown University is generated from a generalized random telegraph process; the constant /? is a measure of the number of material changes per unit distance or, equivalently, /?-1 is a measure of the average distance between changes. Such issues are discussed in detail in [1] where, in addition, the basic equations for an N-component laminate may also be found for the cases of heat flow both parallel and perpendicular to the laminae. In a subsequent paper, for a slightly more general random process, Clarke [2] derives the basic equations for inclined random laminates which incorporate the situations of heat flow both along and across the laminae as special cases. Here we confine our attention only to equations of the type (1.1) since the essential new mathematical feature of Clarke's model is the appearance of the middle terms on the right-hand sides of equations (1.1). We emphasize that these terms are of course not the usual convection terms arising in heat and diffusion phenomena and, as far as the authors are aware, they do not appear to have arisen previously in the contexts of either diffusion or heat conduction. Further we note that, for heat flow along the laminae, Clarke [1] obtains precisely (1.1) but without the new terms so that these terms appear to reflect the continual changes of the media. Accordingly, we adopt the following as our basic system of equations:
ar, a2r, dr2
where the six real constants Dj, ej, and fj (j =1,2) are given by Dx = ^~, ex=p?±{h-k2), fx=P2^{P^2 + P2^l
and the following important relations may be readily verified:
The purpose of this paper is to describe various results for (1.2) relating to solutions and solution procedures for this system. In the following two sections we show how we may utilize known results for the special cases of either equal thermal conductivities or equal heat capacities. In the section thereafter we examine the fourth-order equation arising from (1.2) which both T\ (x, t) and T2(x, t) satisfy. The unconditional expected temperature T(x,t), given by T{x,t) = piTi(x,t) + p2T2(x,t), (1.5) also satisfies this equation. In the final sections of the paper we deal with general solutions of (1.2) without additional assumptions on the thermal conductivities or heat capacities. The general solutions of (1.2) given in Sec. 6 originate from the basic source solutions of (1.2) which we derive in Sec. 5. Finally, in Sec. 7, we illustrate the solution procedure for a specific simple problem. We emphasize that in this paper we deal exclusively with mathematical aspects of (1.2). In a related paper, Willis and Hill [6] , we re-examine the basic foundations of heat diffusion in random laminates and we propose a possible alternative formulation.
2. Equal thermal conductivities. For the special case of equal thermal conductivities X\ = A2 (or for heat flow along the laminae) we have a system of equations of the form m-Ty, (2.1)
Formal solutions of (2.1) may be found in Hill [3] as T\{x, t) = e~^th\{x,D\t) and hi(x, t) and h2(x, t) are solutions of the classical heat equation
satisfying the same initial data as T\ (x, t) and T2(x, t), respectively, and it is assumed that D\ > D2. The main merits of these representations are, firstly, the given explicit dependence of the solutions on the four parameters D, and fj (j -1,2) and, secondly, the possibility of reducing a boundary value problem for the coupled system to two boundary value problems for the classical heat equation. Related issues and examples may be found in [3] , Here we simply remark that for coupled reaction-diffusion systems, solutions such as (2.2) are important general results for the system and, accordingly, the question naturally arises as to the appropriate extension of (2.2) which applies to the coupled system (1.2). The appropriate generalization is by no means obvious since, in general, (1.2) cannot be reduced to a system of the form (2.1) by simple transformations. In order to obtain the general solutions applying to (1.2) we must follow the procedure for the derivation of (2.2), that is, we must first establish the source solutions for (1.2), which is done in Sec. 5. However, in the following two sections, we first develop more immediate results, which follow from (1.2) by known results and more elementary devices.
3. Flux equations and equal heat capacities. Clarke [ 1 ] deduces (1.1) by eliminating the expected conditional fluxes Qj{x, t) (j = 1,2) from
where the unconditional expected temperature T(x,t) and flux Q(x,t) are given, respectively, by (1.5) and Q(x,t) = piQi{x, t) + p2Q2{x,t).
Thus we have fii = _^ + tem-r2). | = - § + to(r2-r,),
and it may be readily verified that (1.1) emerges on eliminating Qj{x,t) (j = 1,2). Conversely, on eliminating Tj(x, t) (j = 1,2) we obtain ■oe,-'^,+te(A_±+
Thus we again have a system of the form (1.2), namely
where the six real constants Dj, Ej, and Fj (j =1,2) are given by
which evidently satisfy relations similar to (1.4). It is apparent from (3.4) that the special case of equal heat capacities, v\ = u2, admits general solutions of the form (2.2) with F\ and F2 in place of f and f2 respectively. Assuming, therefore, that Qj(x,t) {j = 1,2) are known functions we may deduce expressions for Tj(x,t) (j = 1,2) by integration of (3.3) 1 and (3.3)2.
Thus, for example, for the semi-infinite medium occupying 0 < x < oo with zero temperature at infinity we may readily deduce are also solutions of (4.12). Writing these equations in full gives
which accordingly have solutions of the form (2.2) with f and f2 replaced by y\ and y2 respectively. In summary, the above analysis demonstrates that the fourth-order equation (4.2) admits solutions of the form (2.2) with constants yj in place of fj (j = 1,2) so that However, the resulting solutions of (4.14) are evidently not also solutions of the original coupled system (1.2) and the importance of the preceding analysis is the identification of the above constants y, S, and k and their dependence on the six constants Dj,ej, and fj (j = 1, 2) of the given system. In the following two sections we demonstrate how genuine solution pairs {T\, T2} of the original coupled system (1.2) may be generated and how yi,y2,y,8, and k emerge as fundamental constants of the system. 5. Source solutions. In order to deduce general solutions of (1.2) we first need to identify the structure of the source solutions for -oo < x < oo, that is, solutions of (1.2) vanishing at infinity such that, initially, Ti (jc, 0) = /»i«5(jc). T2(x, 0) = Pi5{x), In order to prove that (6.1) is indeed a formal solution of (1.2) we proceed as follows.
We first decompose (6.1) in the following way:
T\(x, t) = U\(x, t) + vi(jc, t), T2(x, t) = u2(x, t) + v2(x, t), (6.2) where {ui,u2} are the terms satisfying either (4.13) or (4.14) and {vj, v2} are given On substituting (6.2) into (6.5) and exploiting the above equations and (4.13) we may readily confirm that (6.1) constitutes a formal solution of (1.2) for arbitrary heat functions hj{x,t) {j = 1,2). We emphasize that in verifying this solution we have made use of the fundamental relation (1.4)2 between the constants ej and fj (j = 1,2). Unfortunately, because the general solutions (6.1) also involve dhj/dx as well as hj (j = 1, 2) this result is not as useful in the solution of boundary value problems as the expressions (2.2). Accordingly we illustrate these results for the case of equal heat capacities and we consider a special case of the problem considered in some detail by Clarke [1] , 7. Simple illustrative example. In the special case of equal heat capacities v\ = u2 = v, the flux equations (3. For the problem of the semi-infinite medium 0 < x < oo with constant flux Q0 on the plane x = 0 and zero temperature at infinity, the appropriate boundary conditions become, in view of (3.1), Qj(0,i) = Q0, Qj(oo,t) = 0 (; = 1,2). (7.2)
Now, as described in Hill [3] , such conditions can be realized by expressions of the form (2.2) for Q\(x,t) and Q2{x,t) provided that hj(x,t) (j = 1,2) satisfy the same boundary data, namely, A;(0,0 = Qo, hj(oo, t) -0 (7 = 1,2). Finally, the expected conditional temperatures may then be deduced from the above and equation (3.7).
